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where do, d\,...,d n are constants, must be a quadratic polynomial. This extends a well-known 



theorem of Jorgens-Calabi-Pogorelov. 
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*S '. $1. Introduction 

S: 

A well-known theorem of Jorgens (n = 2 [J]), Calabi (n < 5 [Ca]), and Pogorelov (n > 2 
. [P]) states that any smooth strictly convex solution of 

> ; 

Pi i (LI) det = 1 on R" 

m ■ 

must be a quadratic polynomial. In [C-Y] Cheng and Yau gave an analytical proof. Recently 
Caffarelli and Li [C-L] extended the result for classical solution to viscosity solution. 
In this paper we study the following PDE 

or 

(i.3) det (^-)= ex p{|:^+ rf o}, 

where do, d\,...,d n are constants. Obviously, all solutions of (1.1) satisfy (1.2). Introduce the 
Legendre transformation of / 

t - ■ - 1 9 
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u(£i,...,£ n ) = y2 x ia f(x). 



In terms of £1, £ n , £„), the PDE (1.3) can be written as 

Note that, under the Legendre transformation, the PDE (1.1) reads 

Given any smooth, bounded convex domain Q C M. n and any smooth boundary value 0, the 
existence of the solution of the boundary problem 

(1.4)' det {^)= e ^\-z2 d ^- d u in m = ^ on ^ 

is well-known. So there are many locally solutions to the PDE (1.4). In this paper we prove 
the following theorem 

Main Theorem. Let w(£i, ...,£ n ) be a C°° strictly convex junction defined on whole W 1 . If 
u(£) satisfies the PDE (1-4) , then u must be a quadratic polynomial. 

The PDE (1.2) arises naturally in the construction of Ricci flat Kahler-affine metric for 
affine manifolds. An affine manifold is a manifold which can be covered by coordinate charts 
so that the coordinate transformations are given by invertible affine transformations. Let M 
be an affine manifold. A Kahler affine metric or Hessian metric G on M is a Riemannian 
metric on M such that locally, for affine coordinates (xi,X2, • • • ,x n ), there is a potential / 
such that 

Ci _ o 2 f 

13 dxidxj 

The pair (M, G) is called a Kahler affine manifold or a Hessian manifold, and G is called 
Kahler affine metric. Kahler affine metric was first studied by Cheng and Yau in [C-Y- 
1]. For more details about Hessian manifolds please see [Sh]. Following Cheng and Yau 
we introduce the concepts of the Kahler Ricci curvature and the Kahler scalar curvature 
of G on M. It is easy to see that the tangent bundle TM is a complex manifold with 
a natural complex structure in the following way. For coordinate chart (x±, X2, ■ ■ ■ , x n ), 
we can consider a tube over the coordinate neighborhood with complex coordinate system 
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(xi + iyi, X2+iy2, ■ ■ ■ ,x n + iy n ). The Hessian metric G was naturally extended to be a Kahler 
metric of the complex manifold TM. The Ricci curvature tensor and the scalar curvature of 
this Kahler metric are given by respectively 

c 9 2 X V^V^ ,ij0 2 (logdet(/ w )) 

^ = -^- (1 ° gdet(/fci)) ' i? = -2^^ / dx~dx- 3 ■ 

■> i=l j=l ■> 

It is obvious that the restrictions of R^ and RtoM are tensors of M. We also call Rij and 
R the Kahler Ricci curvature and the Kahler scalar curvature of G on M. We say that the 
metric G is Kahler-Ricci flat if (1.2) holds on M everywhere. In this geometric language, 
our Main Theorem can be stated as 

Main Theorem. Let M be a graph given by a smooth strictly convex function x n+ i = 
f(xi, x n ) defined in a domain fl. If the Hessian metric of M is Kahler-Ricci flat and the 
image of M under the normal mapping is whole M. n , then f must be a quadric. 

Remark 1. In [J-L] the authors have proved that 

Theorem. Let M be a Kahler affine manifold. If the Hessian metric of M is Kahler-Ricci 
flat and complete, then M must be M. n /T, where T is a subgroup of isometries which acts 
freely and properly dis continuously on M n . 

Remark 2. From our proof of the Main Theorem the following stronger version is also true: 

Main Theorem'. Let u(£i, £ n ) be a C°° strictly convex function defined in a convex 
domain Q C M n . Ifu(£) satisfies the PDE (1-4) and if u(p) — > oo as p — > dQ, then u must 
be a quadratic polynomial. 

Remark 3. The global solution of the PDE (1.3) on the x — coordinate plane W 1 is not 
unique. For example, 

n n 

f(x 1 ,...,x n )=^2x 2 i , and f(x u x n ) = exp{a;i} + xj 

i=l i=2 

are global solutions of the PDE (1.3). 

Remark 4. Our study in this paper is based on the following differential inequality for $ 
(for details see Proposition 3.1 below) 

n ||V$|| 2 n 2 -3n- 10 „, v (n + 2) 2 ^ 2 
n — 1 $ 2(n — 1) n — 1 

This type of differential inequality for $ first appeared in [L-J-l], in which Li and Jia an- 
nounced that they solved the Chern's conjecture for 2-dimension and 3-dimension. While 
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Trudinger and Wang solved Chern's conjecture for 2-dimension in [T-W]. Li and Jia's 
method, which is quite different from that of Trudinger and Wang, is to estimate $ and 
||V/|| based on the differential inequality: 

. o _ (n - 2) 2 (n -1) n 2 - 2 ^ $ 2 



8n 2(n - I) J p ' 

where G B is the Blaschke metric and A B is the Laplacion with respect to G B . 

However, Li later found a gap in their proof, so the full research paper is not published. 
In [L-J-2] the author use the similar differential inequality to prove Bernstein properties for 
some more general fourth order nonlinear PDE for 2 dimension. As a corollary, they fix the 
gap to 2 dimensional Chern' conjecture. So far the 3 dimensional Chern' conjecture is open. 

§2. Preliminaries 

Let f(xi, ...,x n ) be a C°° strictly convex function defined on a domain f2 C M n . Denote 

M := {(x,/(a:))|a: n+ i = f(x 1: x n ), (x 1 ,...,x n ) E Q}. 

We choose the canonical relative normalization Y = (0,0,. ..,1). Then, in terms of lan- 
guage of the relative affine differential geometry, G is the relative metric with respect to the 
normalization Y. Denote by y = (xi, x n , f(x±, x n )), the position vector of M. We have 

(2.1) y,y = £4-Ifr + /« y: 
The conormal field U is given by 

(2.2) U=(-f u ...,-f n ,l)- 

We recall some fundamental formulas for the graph M without proof, for details see [P-l]. 
The Levi-Civita connection with respect to the metric G is 

(2-3) r* =IJ2 

The Fubini-Pick tensor A ijk and the Weingarten tensor are given by 
(2.4) Aij k = —-^fijk-, = 0. 
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The relative Pick invariant is 

(2.5) J = ^hr)^ fafjmfknf - kflmn - 

The Gauss equations and the Codazzi equations read 

(2.6) Rijki — ^ f mh (Ajk m A h u — A ikm A h ji), 

(2.7) Aij k j = Aiji tk . 
From (2.6) we have 

(2.8) R ik = ^ f mh f 3 (AimiAhjk — A imk A h ij). 
Denote 

llVpf 



(2.9) P=[det(fij)]-^, $ = 



P 2 



Let A be the laplacian with respect to the Calabi metric, which is defined by 
By a direct calculation from (2.10) we have 

(2.ii) A = yp^— + ^ 1 -yr dp 9 

y > /-^ J Fir Fir. 9 n/-^ J 



dxidxj 2 p ^ dxj dx l 



v 9 2 n + 21^ dp d 

2^ i)UKj 2 p 2^ iKjiKi - 



(2.12) A/ = n+^i(Vp,V/), 



n + 2 1 

(2.13) Au = n - (Vp,V«). 

2 p 
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§3. Calculation of A$ 



The following proposition is proved in [J-L], however, we include here for the reader's 
convenience. 

Proposition 3.1 Let f(xi,...,x n ) be a C°° strictly convex function satisfying the PDE 
(1.3). Then the following estimate holds 

. ._. n ||V$|| 2 n 2 -3n- 10 „, . (n + 2) 2 
n — 1 $ 2 m — 1 n — 1 



Proof. From the PDE (1.4) we have 

where Pi = §§- and p^ = d ®.Q x - It follows that 

(3.2) Ap .!i±l^£. 

2 p 

Let p G M, we choose a local orthonormal frame field of the metric G around p. Then 



a, _ E(P,i) 2 ^ _ X^ PjPji n n E(Pj) 
p^ ^-^ p^ P J 

A$ = 2 E(PJ^ + 2 ^ P ' jP ' J " - 8 ^ gj^j! _ ( n _ o) (E(Pj) 2 ) 



p^ ^ — ' p^ ■< — ' p° p 

where we used (3.2). In the case $(p) = 0, it is easy to get, at p, 

,E(^) 2 



A$ > 2- 



P 2 



Now we assume that $(p) 7^ 0. Choose a local orthonormal frame field of the metric G 
around p such that p,i(p) = ||Vp|| (p) > 0, p,i(p) = for all % > 1. Then 

(3.3) A $ = 2 22m1! + 2 V Wj* - 8 M!^i - (n - 2) (P ' l)4 

Applying an elementary inequality 



p" ' — ' p" p J p 4 



2 2 2 (ai + a 2 H h a n _i)' 

ai + a 2 + • • • + a n _ x > 



n- 1 



and (3.2), we obtain 

(3.4) 2 ^%^ > 2^ 



+ 1 E»>i(p,i») 2 + 2 E,>i(p,«) 2 > 2 (p,ii) 2 + 1 Z)i>i(p,i») 2 



n — 1 



> 



n — 1 p 2 



P' 

+ 4- 



2 (Ap-p, n ) 2 ^ 2n (p, n ) 2 , ,E>>i(p,h) 2 n + 4 (p^P.n , (n + 4) 2 ( Pjl ) 4 



P z 



n — 1 p 3 



2(n - 1) p 4 



An application of the Ricci identity shows that 



(3.5) 



2 2 (p ) 2 

f^PjPjH = ^( A P),iP,i + 2R n^~ 

= 2(n + 4)^i - („ + 4) + 2J* U ^ 



P 6 

Substituting (3.4) and (3.5) into (3.3) we obtain 

(3.6) »>JiW + (2„- 2 !il)W^ +2fi W 

n — 1 p z \ n — 1 / p d p A 



Note that 
(3.7) 



E- 



Then (3.6) and (3.7) together give us 



$ £> 2 P 3 £> 4 



(3.8) 



- 2(n - 1) $ 



'2n - 8 
n — 1 



p° 



From (3.1) we easily obtain 



, 2/? (P,i) 2 f (n + 4) 2 

+2i?11 ^ 2 ~ + [2(^T)" 2(n + 1) " 



2n 
n — 1 



(P,i) 4 



Thus we get 
(3.9) 



P iP i 

P,ij = Pij + AjiP,i = ^-y~ + Mj\P,\- 



2 P,iP,u n PAP,i) 2 0A (P,i) 2 V-^ P,i o (P,i) 2 P,n (P,i) 4 

2 2 3 — ^All n— , /, - Z 3 Z J- 

p A p 6 p z ^-^ p p 6 p 4 



( 3,o) £(*d)! = 4E(Allf (^!, ^ei = 2A Jj^l. 

By the same method as deriving (3.4) we get 

(3.11) £(4mi) 2 > {Am) 2 + 2 ^(4i) 2 + J2^ 2 

i>l i>l 

> {A^f + 2 ^T(^n) 2 + (J2 An - A 1U ) * 

^ 5>^) 2 - ^ An E ^ + ^ (E 2 • 

Therefore, by (2.8), (3.10) and (3.11), we obtain 

(3.12) 2i2 u ^ = 2 ]>> fej i) 2 ^ " (» + 2 )^m^ 
n E(^) 2 (n + 2)(n+l)^ p, , (n + 2) 2 ( Pil ) 4 



> 



1 ^ ' o 



2(n-l) $ 2(n-l) ^ ' p 2(n - 1) p 4 

Then inserting (3.12) and (3.9) into (3.8) we have 

n E($i) 2 n 2 -3n-10^^ Pi (n + 2) 2 

3.13 A$ > ^ v , ; + ; — > — + - -$ 2 . □ 

v ; ~ n-l $ 2(n-l) ^ ' p n-1 



§4. Proof of Main Theorem for n < 4 

In the case n < 4 the proof of the Main Theorem is relative simple, we first consider this 
case. 

We shall show that $ = on M everywhere, namely, det ( ^ ^ = const. Therefore the 
main Theorem follows by J-C-P Theorem. By a coordinate translation transformation and 
by subtracting a linear function we may suppose that 

«(o) = o, «(0>o. 

Then for any C > the set 

S u {0,C) := {£eM>(0<C} 
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is compact. Consider the function 

defined on S u (0, C), where m is a positive constant to be determined later. Clearly, L attains 
its supremum at some interior point p*. Then, at p*, 

(4.1) ii- taj = o, 

(4.2) f-^-VE(,,f-M»<», 
where and later we denote 

, m . 2m 

h = j— r^j, h 



(C-u) 2 ' {C-uf 

and "," denotes the covariant derivatives with respect to the metric G. Inserting (3.13) 
(2.13) and (4.1) into (4.2) we get 

(4.3) (n + 2) 



2 ) * ( 1 ,2 „\v^/ x 2 , (n + 2)(n-3), V|°« u « rt 

+ h 2 -h')y (u if -nh+ ± A '-h^-Z-Z- < 0. 

n- 1 \n- 1 / ^ V ' ' (n-l) P 

By the Schwarz's inequality 

(« + 2)(« -3) h £ Mi < 1 2 (n + 2)'(n-3)' 

(n-l) p _ 2(n-l) ^ V ,; 2(n-l) 

Therefore 

(4.4) (n + 2)^(2 -(n-3) 2 ) $ + f - h>) Y(u t f -nh<0. 

v ' 2(n- 1) V 2 («- 1) / ^ 

In the case n < 4 we have 
(n + 2) ; 
2(n 

We choose m = 8(n — 1)C, then 2 (n-i) ^ 2 — h' >0. It follows that, at p*, 

(4.6) e 4^rr- ne T^r%- 



where 6 is a constant depending only on n. In the calculation of (4.6) and later we often use 
the fact that exp { — ^r^} (c- u ) i nas a universal upper bound. Since L attains its supremum 
at p*, (4.6) holds everywhere in S u (0, C). For any fixed point p, we let C — > oo then = 0. 
Therefore $ = everywhere on M. □ 
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§5. Estimate for £ (j|) 2 

For general dimensions (n > 4) the proof of the Main Theorem is much more difficult 
than n < 4, it needs more estimates. In this section we estimate Yl (if) ■ Let ^ c 
be a bounded convex domain. It is well-known (see [G]) that there exists a unique ellipsoid 
E, which attains the minimum volume among all the ellipsoids that contain Q and that are 
centered at the center of mass of Q, such that 

n"5£ CVICE, 

3 3 

where n~?E means the n~2 -dilation of E with respect to its center. Let T be an affine 
transformation such that T(E) = 5(0, 1), the unit ball. Put tt = T(Q). Then 

(5.1) B(0,n"5)cnc5(0,l). 

A convex domain fl is called normalized if it satisfies (5.1). Let u be a smooth strictly convex 
function defined on Q such that 



(5.2) mfw(£) = u{p) = 0, u 



n 



an 



A strictly convex function defined on Q is called normalized at p if (5.2) holds. 

Lemma 5.1 Let Qk be a sequence of smooth and normalized convex domains, be a 
sequence of smooth strictly convex functions defined on Qk, normalized atpk- Then there are 
constants d > 1 , b > independent of k such that 

Proof. We may suppose by taking subsequence that converges to a convex domain 
Vt and converges to a convex function u°°, locally uniformly in f2. Obviously, we have 
the uniform estimate 

For any k, let 

(5.4) fi (*) =1i W_^^(o) 6 -uW(0). 
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Then 



».(*) 



u 



(0)=0, « {fc) (0>o, w (fe) |^ fc <C , 



where C is a constant depending only on n. As B(0, n 2) c f^, we have 
I V«W I 2 



(5.5) 



(! + /<*))= 



<| W fc) | 2 < 



r 2 



< 4n 3 C 2 



on -8(0,2 : n 2), where is the Legendre transformation of vS k ^ relative to 0. For any 
p G Q k \B(0, 2~ 1 n~2) ) we may suppose that p = (£1, 0, . . . , 0) with £1 > by an orthonormal 
transformation. Then, at p, 

C + /<*> > «<*> + /<*> = 



96 



It follows that 



1 „ 3 

< T2 < 4n • 



(Co + /W) a Ci 2 

Therefore there exist constants d > 1, 6 > depending only on n such that 
(5-6) < b, 



(5.7) 



(rf + /( fe )) 2 
Not 

dvW du^ dvP*) 



where denotes the radial derivative. Note that 



d& d& d& 
It follows from (5.3) and (5.4) that 



(0), /w = /( fc )+ u W(o). 



Then 



(5. 



dr 



<b', 



for some constants d' > 1, 6' > independent of k. Note that 



(5.9) 



|W fe) G»)| = 



1 



COSttfc 
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<9r 



(P) 



where a k is the angle between vectors Vu^ k \p) and ^r-(p). Since = 1 on dVt k , Vu < " k \p) 
is perpendicular to the boundary of Q k at any p G dQk- As Q is convex and G f2, it follows 
that — - — have a uniform upper bound. Then the Lemma 5.1 follows. □ 

Remark 5.2 We may choose d in Lemma 5.1 such that the following holds for any k 

u + fW\ 
d + /( fe ) 

§6. Estimates of p, p a $ and J2 u i 



(5.10) ^S<1. 



From now on we assume that n > 5. In this section we prove some estimates which we 
need in the next section. Suppose that p G O and u is normalized at p. For any positive 
number C < 1, denote 

5 tt (p, C) = {£ g r%(0 < C} , S U ( P , C) = {£e n\u(0 < C} . 

Introduce notations: 

m 1 p a Q 



A : = max < exp 

pe5 u (p,c) ^ [ C - u J _|_ y)^+2 



! I m 

B := max < exp < — — h 

P es u ( P ,c) I C — u 



\ {h + 2a)pf \ 



where 



(n + 2)(n-3) , n-1 _ 00 ,_, „_,£*2 



a = - - ~ + — ^> m = 32(n + 2)C, # = e- 



2 4 ' v (d + /) 2 ' 

From Lemma 5.1, we always choose small enough constant e such that H < ^ in this section. 

We prove the following lemmas, which play important role in the proof of the Main 
Theorem. 

Lemma 6.1 Let u be a smooth and strictly convex function defined in Q which satisfies 
the equation (1.4) ■ Suppose that u is normalized at and the section S u (p,C) is compact. 
And assume that there are constants b\ > 0, d > 1 such that 



(d + f) 2 

on S u (p, C). Then there is a constant d\ > 0, depending only on n, b\ and C , such that 

A<d u B<d x . 
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Proof. Firstly, we show A < 10B. To this end, consider the following function 

m 1 p a $ 



cxp 



C-u 



(d + f) 



n+2 



defined on S u (p, C). Clearly, F attains its supremum at some interior point p* of S u (p,C). 
Thus, at p*, 



(6.1) 



, P,i 2na f,i 7 n 
— - + a— — hu i = 0, 

$ p n+2d+f 



A* _ Effiif + n_±2 ai _ + - K T(u,r - hAu < 0, 

v ; <S> * 2 9 n+2d+f n + 2 (d + f) 2 *> 



where " ," denotes the covariant derivatives with respect to the metric G. In the calculation 
of (6.2) we used (3.2). Inserting (2.12), (2.13) and (3.13) into (6.2) we get 



(n + 2) (n + 2) 2 
2 a+ n- 1 



(n-1) $ 2 



na 



E /,iP,i 
(d + f) P 



2na E(/,i) 2 . n 2 - 3n - 10 ^ $ t i p ;i \2 a 2na n ^ n 

+ n + 2(rf + / ) 2 + 2(n-l) 2,$7 ^ ~ ^+2l+~f 



Using (6.1) yields 

< 6 - 3 > (^T)S 



/lU.i + 



2na li 
n + 2d + f 



a- 



+ 



2(n + 2)^ + (n + 2) 2 



n — 1 



n-1 



n + 2)(n-3)^X>,*P,* 4w * E/,*P,i , 2na E(/, 



n-1 
Note that 



l(rf + /)p + n + 2(d + /) 2 ft Z^J nft n + 2" 



n 



(6.4) 

Inserting (6.4) into (6.3), we have 



(6.5) 



(n 



4n 2 a 2 



+ 



2na 



(n + 2) 2 (n-l) n + 2 



E(/,*) 2 _ 1, X>,iP,« 
(d + /) 2 2 p 



( n _ i)( 2n + 5) 2 $ n(2n + 5)a £ 



16 



n + 2 (d + /)p 
13 



Ana \ , 2n 2 a 
~[n + - — — h < 0. 

(n- l)(n + 2) 7 n + 2 ~ 



As a = (re+2) 2 (n 3) + 2=1, it is easy to check that 



4n 2 a 2 + 2na _ An 2 a 2 ( + (n + 2)(n - 1) \ ^ 4n 2 a 2 



(n + 2) 2 (n-l) n + 2 (n + 2) 2 (n-l)V 2na / (n + 2)(n 2 -l)' 

Using the Schwarz's inequality we get 

\h^± < -±-h 2 V( u t f + ^<t>, 
2 p _ 2(n- 1) ^ v ' ' 8 

n(2n + 5)a E /,«P,» < 4n 2 a 2 E(/,») 2 (2n + 5) 2 (n 2 - 1) 
n + 2 + _ (n + 2)(n 2 - 1) (d + f) 2 16(n + 2) 

Note that 2(n 1 _ 1 - ) ^ — ^ ■> we fr° m (6-5) 

(n + 2)(n - 1) x ( Ana \ 2n 2 a 

$-U+7 7T7 -<0. 



4 V (n-l)(n + 2)y n + 2 

It follows that 

(6.6) A < 10B. 

Secondly, we consider the following function 

defined on S u (p,C). Clearly, F attains its supremum at some interior point q* of S u {p,C). 
Thus, at q*, 

h'ui Pi 2na f; 

6.7 -hui + - '— + Hi + a^ = 0, 

K ' ' h + 2a ' p n + 2 d + f 

(6-8) ( - -j-. — — — — - V(m,) 2 + ( r^— - h] An 

K ' \h + 2a (h + 2a) 2 J ^ K , J \h + 2a J 

~^~ a ® ~ nT2 \d+~f ~ Jd+nf) 
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where h" = By (2.11) and the Schwarz inequality 

(6 - 9) ^ = E ferTF " 2e (^M 2 " M (^7? + 8H2 Wj¥> 



(d + f)< 



(d+fy (d+/)s (d+/)3 ( d+ /) 

2 E r + ^ (v io g P> V (i; 4)) - 4 (v qf}' v/) 



+ (d + jy 2n \d + ff {n + 2)e (d + /)s 

> 6 Vf« Q7M ^l 3 (^ + 2 ) 2 ^ 9 „ ff 
Note that > « > ^ and 

- 4a 2 ^ W + (n + 2) 2 (d + /) 2 2a 2 (h + 2a) 2 a 2 ^' 

where we use the fact (6.4). Inserting (2.12), (2.13), (6.9) and (6.10) into (6.8) and using 
Scwartz inequality we have 

(6.11) 6 - J^fjy -aoQ-cnh- 3na < 

ri _[_2 

for some constant ao > 0, a\ > depending only on n. Since f n > np~ ", we get 

(a, 2) _^<^A + <* 

It follows that 

(6.13) < a 2 „4+a 3 £, 

15 



for some positive constants 02 and 03, where we used the fact that exp { — (jz^P} h 1 has a 
universal upper bounded for any (5 > 0, 7 > 0. By (6.6), we have 

(6.14) B < di, A<di 

for some d\ depending only on C, n and b\. Thus the proof of Lemma 6.1 is complete. □ 

In the following we estimate J2 u a- To this end we first derive a general formula which 
we need later. 

Lemma 6.2 Let u(£) be a smooth strictly convex function defined in Q C M, n . Assume 
that 

infw = 0, u\ 9 q — C. 

Consider the function 

(6.15) F = exp {-^^ + # } Q\\VK\\\ 

where Q > 0, H > and K are smooth functions defined on Q. F attains its supremum 
at an interior point p* . We choose a local orthonormal frame field on M such that, at 
p*, Ki = \\VK\\, Ki = 0, for all i > 1. Then at the point p* we have the following estimates 



(6.16) 



2 (-L- - 5 - l) (K n ) 2 + 2 J2 Kj{AK)j 

+2(i - s) y: auki) 2 - { -^ir 1 ^ 2 - j^w^ 2 



+ 



\2 



Q Q 2 
for any small positive number 5. 

Proof. We can assume that ||Vif||(p*) > 0. Then, at p*, 
(6.17) F i = 0, 



(6.18) ^^<0. 

By calculating both expressions (6.17) and (6.18) explicitly, we have 



(K.y < 0, 



(6.19) 



(-hu ti + H, + ^ £(i^) 2 + 2 E K J K * = °> 
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(6.20) 



2 J2( K ^) 2 + 2 E k j k *« + 2 E + # * + |f ) ^ 



+ 



Q 2 



(^,i) 2 < o. 



Let us simplify (6.20). From (6.19) 
(6.21) 2K U = 

Applying the Schwarz inequality yields 



Q,i 



hu i — H i -r- K \. 

Q 1 ' 



(6.22) 



ft J. 



i>l 



for any 5 > 0. Inserting (6.21) and (6.22) into (6.20) we get 



(6.23) 



2 ( —[ ~ 8 ~ 1 J (^,ii) 2 + 2 E " 



5(n- 1) : 



r (AX) 5 



+ 



-h! E(^) 2 ~ + AiJ + 



AQ E(Q, 
Q Q 2 



(K,) 2 < 0. 



An application of the Ricci identity shows that 

(6.24) 2 KjKj* = 2 E K A*K)j + ^(K.f 



2 J2 K d (AK)j + 2 J2 KaAK,) 2 - (n + 2) £ A llfc ^(*,i) s 



> 2 £ Kj(AK)j + 2(1 - 5) £ ^(^i) 2 - 
Consequently, inserting (6.24) into (6.23) we get (6.16). □ 



<S>(K A ) 2 . 



Lemma 6.3 Let u be a smooth and strictly convex function defined in Q which satisfies 
the equation (1-4)- Suppose that u is normalized at p and the section S u (p,C) is compact. 
And assume that there are constants b 2 > 0, d > 1 such that 



¥TW 2 - 2 ' 



< 62, 



< b 2 
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on S u {p,C). Then there is a constant 0I2 > 0, depending only on n, 6 2 and C, such that 

exp <^ ^ \ — < d 2 



c-u j {d+f) m+i 

on S u (p, C), where a = ( " +2) 2 (n ~ 3) + ^ 



2 1 4 

Proof. Put 



(rf+/) 2 ' A ' - (rf+/)^+ 2 

in (6.15). Now we first calculate 2 X) Kj(AK)j + 2(1 - 5)J2 A miiA m i j K ii K J . By (2.11) we 
have in this case 

n + 2 

AK = —(Vlogp,VK), 
2 £ Kj(AK)j = (n + 2)^i(K 1 ) 2 - (n + 2)^(iT, 1 ) 2 + (n + 2) £ 

> (n + 2) £ -^(^,) 2 - (n+ 4 2 f + l ^K tl f 

f° r ^ — 4( n +2) • We use the coordinates £i,...,£ n to calculate XX -^Qj) 2 an d ^miii^ ,i) 2 ■ 
Note that the Levi-Civita connection is given by rf- = ^^2u kl uuj. Then 

K,ij = uiij ~ ^^2u lk u kl u Hj = 7jU Uj , 
J](^) 2 = u ik u jl u Uj u lkl , 

(6.25) ^(A mil ) 2 (K 1 ) 2 = ^ M l V^ pMfc/(? ^ lr ^ s Mls = ^(^) 2 . 

In the coordinates Xi, ...,x n we have (see (3.1)) 

P P P ' P PP ^ iJ p' 

It follows that 



(6.26) (n + 2) J] < 5 ^(^) 2 + (w + *> — ^i) 2 - 
Then 

(6.27) 2 X K :j (AK)j + 2(1 - 5) £ A^^K^ 
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>(2-4^)^,,) 2 - (n + 2 2 ] 2 — HK.f. 
A direct calculation yields 

T,(Q,i) 2 > _(na + n + 2)(n + 2) 



(6 - 28) Q Q> 

From (6.21) we obtain 
(6.29) E< A '«) 2 = lE 



$ -2n(a + 1). 



> 



1 

> 

~ 16 



16 



4 
2na 



hu i — a— + 
P 



Hi 



f,i 



n + 2 ' J d + f 



n+2 ' J d + f 



{n + 2) 2 (d + f) 2 



where we used (6.4), for some positive constant 04. Choose 5 = e ^+2) an< ^ m = 64(n — 1)C. 
Inserting (6.9), (6.10), (6.27), (6.28) and (6.29) into (6.16) and using the Schwarz inequality 
we get 



(6.30) 



— a 5 $ — a 6 h — a 7 < 0, 



2 (d + f) 2 

In the above a 4 a 7 denote constants depending only on n. Note that 

Y,f >u ll = (K, l f. 

It follows that 



exp 



m 



C-u 



p a u n 



< do 



for some constant rf 2 depending only on n, b 2 and C. Similar inequalities for Ua remain true. 
Thus the proof of Lemma 6.3 is complete. □ 



§7. Proof of Main Theorem 

Let ...,£ n ) De a locally strongly convex function defined on whole IR n such that its 
Legendre function / satisfying 

(7.1) _|_ (logd et( /H )) = 0. 
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Let p G M, n be any point. By a coordinate translation transformation and by subtracting a 
linear function we may suppose that u satisfying 

u(O>u(p) = 0, V£eM". 

Choose a sequence {Ck} of positive numbers such that Ck — > oo as k — > oo. For any C*, the 
level set S u (p,Ck) = {^(0 < Cfc} is a bounded convex domain. Let 

«<*>(0 = ^, fe = 1,2,... 

There exists the unique minimum ellipsoid E of S u (p, Ck) centered at q^, the center of mass 
of S u (p, C k ), such that 

n~*E C S u (p,C k ) C £. 

Let 

be a linear transformation such that 

T fc (g fc )=0, T k (E) = B(0,l). 

Then 

B(0, n"i) C n k := T fe (S u (p, C fc )) C 5(0, 1). 
Thus we obtain a sequence of convex functions 

«<*>(£) := «W (j^. _ ...,£V B (fc - &,.)) 

where (6^) = (a^) -1 . 

In the following we will use the coordinates £ to denote the £ and to denote vP^ 
to simplify the notations. We may suppose by taking subsequences that converges to a 
convex domain Vt and u^(£) converges to a convex function locally uniformly in Vt. 

Consider the Legendre transformation relative to u^: 

Q u ( k ) 



Xi 



Put = ...,x n )|xj = j • Obviously, satisfies (7.1), therefore there are con- 
stants df^, dn\ such that 

(7.2) det (|£). exp{E ^, + d «}. 
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We use Lemmas 5.1, 6.1 and 6.3 for each with C — 1 to get the following uniform 
estimates 

Jk) «(*)«$(*) n(k)a^ (k) 

"ITT — «3) " — 2na — «3) " — 2„ a+2 — «3 



(d +/(*)) ?^ 



n + 2 



on S uik )(T k (p), \) for some constant d 3 > 0, where a = ( " +2) 2 (w " 3) + 

Let B R (0) be a Euclidean ball such that S u ( k )(T k (p), \) C B R / 2 (0), for all fc. The comparison 
theorem for the normal mapping (see[G] or [L-J-3]) yields 

5 r *(0) C fi (fc) * 

for every k, where r = ^ and -B*(0) = + ... + a; 2 < r 2 }. Note that u k {T k (p)) = and 

its image under normal mapping is (x±, ...,x n ) = 0. Restricting to B*(0), we have 

where Bl — + 1. Therefore /( fc ) locally uniformly converges to a convex function /°° on 
B*(0) and there are uniform estimates 

(7.3) p [k) <d A , (p«) Q $^<d 4 , (p (t) ) a £«« ( f<rf4 

on .B*(0) for some constant d A > 0. 

Lemma 7.1 Lei /(#) &e a smooth strictly convex function defined in -B|(0) satisfying 

-Bl <f < B'. 
Then there exists a point p* G -B|(0) suc/i that at p* 

n 

1 /4R'\~ n + l 

-<{-sr) 2™-*- 

Proof. If Lemma 7.1 does not hold, we would have 

->d 5 on B* s (0). 
P 

It follows that 

det(^) > d n b +2 on 51(0). 
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Define a function 



^)=(f^)"(£^-* 2 )+ 2 ^ ^ 51(0). 



Then 

jn+2 

det(i^) = -JL_ < det(^) in 51(0), 

F(x)>f(x) on 951(0). 
By the comparison principle, we have 

F(x)>f(x) on 51(0). 

On the other hand, note that 

jn+2 > 



F(0) = -^J 5 2 + 25' = -25'</(0). 



This is a contradiction. □ 

From Lemma 7.1 and (7.3), for any 5|(0) we have a point G 5|(0) such that p( k \ ^y, 

$^ and X] M ! J fc ' ) are uniformly bounded at pfc. Therefore there are constants < A < A < oo 
independent of k such that the following estimates hold 

A < the eigenvalues of {f[f){pk) < A. 

Since /W satisfies (7.2), 

$(*) = 1 v f^j d [k) d [k) 

(n + 2) 2 ^ J * j • 

It follows that 

£K (fc) ) 2 ^ rf 6 

for some constant d 6 > 0. Thus 

(-) ||Vlo g ^||- E (^) 2 ^ E ( d f»)^ rf ,, 

where ]| • || B denotes the norm of a vector with respect to the Euclidean metric. Then for 
any unit speed geodesic starting from p k , 

(7.5) £^<||viogpW|U<d,. 
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Thus for any q we have 

(7.6) p {k) (pk)ex P {-\q-p k \d 6 } <p ik \q) < p (k) ( Pk ) exp{\q - p k \d 6 } . 

In particular, we choose q be the point X{ = for alii > 1. It follows from (7.3) that 

(7.7) $ {fc) (g) < d 7 

for some constant d 7 > independent of k. On the other hand, if ^ 0, by a direct 
calculation yields 

$ (fc) (g) = C fc <I>(p) — >■ oo, as k — > oo. 
This contradicts to (7.7). Thus 

= 0. 

Since p is arbitrary we conclude that $ = everywhere. Consequently 

det Q< - Q< » = COnst - > °- 

This means that M is an affine complete parabolic affine hypersphere. By the J-C-P Theorem 
we conclude that M must be elliptic paraboloid. This complete the proof of the Main 
Theorem. □ 
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